A New EDF Feasibility Test by Gaujal, Bruno & Navet, Nicolas
A New EDF Feasibility Test
Bruno Gaujal, Nicolas Navet
To cite this version:
Bruno Gaujal, Nicolas Navet. A New EDF Feasibility Test. [Research Report] RR-5125,
INRIA. 2004. <inria-00071458>
HAL Id: inria-00071458
https://hal.inria.fr/inria-00071458
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
IS
SN
 0
24
9-
63
99
 
 
 
 
 
 
 
IS
RN
 IN
RI
A/
RR
--5
12
5-
-F
R+
EN
G
ap por t  

de  r ech er ch e 
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
A New EDF Feasibility Test
Bruno Gaujal , Nicolas Navet
No 5125
February 27, 2004
TH `EME 1
   
	 	ﬀﬂﬁﬃ
 "!$#&%&')(+*ﬀ#-,.*0/ ∗ 1325476 '8/9*0: 2 *<;0=?> †
@BACEDGF+HJILKJMONFQPSR8TUFEVWNX0NVCEDGFON
YZ[S\FEVJ@]KW^_
K"PS`a`b[cZVdaFeZFOfAFEZfAFg5hﬀi8HQj<ikImlnFEoaZRnPSZXpjrq0sj<t<tSuvIwj8Hx`nPSyrFON
z|{~}OQ?ar< FG`aZFONFEgﬀVPkgFEPSyr[cZŁVAaD[cZVFONVŁgayVAFvFQPcNŁoaŁŁVX[SWPNFEV[S]g[cg8
ZFOfERaZZFEgﬀVVPcN8Ne[cZ\[coN.]ŁVAkZFQPSVŁDGFefO[cgNVZPSŁg-VNJNfAFOd8RaFOdRagdaFEZVAFxl`b[cŁfEX
PSZŁFONVWxFQPcd8ŁgFl~ŁZNV$.@BAFe`aZ[c`b[<NFOdkFQPcNŁoaŁŁV XﬃVFONVAnPcNWPv[¡FEZ"fO[cD¢`aF.T0ŁV XkVAnPSg
VAFe`aZFE£ﬀŁ[cRNXﬃ0g[Q]gVFONVQ¤@BAFx¥ZNVWNVFE`p[SVAF5PSyr[cZŁVAaD¦ŁN]V[GfO[cgNVZRfEVJVAFe§"PcNNF
d8Ł¨PSy<ZPSD[SVAF]NFEV[SbVPcN0N]AFEZFVAFB`nPSZVŁ¨PSn[cZdaFEZŁNdaF.¥gFOd¢oﬀX5VAFBŁgfERNŁ[cg+ZFE¨PSVŁ[cg
[cg©VAFVPcN8NQª@BAFEg3sBVAFPSyr[cZŁVAaD«fO[cgNVZRfEVN+VAFpNA[cZVFONV+`nPSVA¬Łg¬PyrFO[cDGFEVZŁfQPS
ZFE`aZFONFEg-VPSVŁ[cg)PSVFQPcfAFE£rFE3[SVAF§"PcNNF"d8Ł¨PSy<ZPSD¤"FE`&FEgd8Łgay+[cgkVAFxD+P?T8ŁD+PS­N[c`&F
[SFQPcfAp`nPSVA3saVAFeNFEV[SVPcN8N]ŁN]FEŁVAFEZFQPcNŁoaF[Sg[cVQ
@BAFv[cZNVfQPcNF+fO[cD¢`aF.T0ŁV X®[S¯VAaŁNxFQPcNŁoaŁŁVX)VFONVedaFE`&FEgdaN[cgNVZRfEVRaZPS¤fAnPSZPcf.
VFEZŁNVŁfONG[S"VAFkNFEVG[S\[coN¢NŁgfOFkŁV¢ŁNvVAFNRaD°[S"VAFﬃFE£rFEN¢Łg©VAFk§"PcNNFUd8Ł¨PSy<ZPSD

AnPSVFE£rFEZWVAFNFEVW[S&\[coNQsVAaŁNJŁNo&FEVVFEZWVAnPSg)VAFe¯[cZNVfQPcNF5fO[cD¢`aF.T0ŁVŁFONx[SF.T0ŁNVŁgay
PS`a`aZ[rPcfAFONQlaRaZVAFEZDG[cZF<sﬀFB`aZ[¡£ﬀŁdaFWPJ`aZ[conPSoaŁŁNVŁfJPSgnPSX0NŁN[SbVAF]fO[cD¢`aF.T0ŁV Xv]AFEg
VAFVPcN8NPSZFZPSgda[cD5l[cZY±[cŁNN[cgPSZZŁ£cPSNePSgd®F.T8`b[cgFEgﬀVŁ¨PSX)d8ŁNVZŁoaRaVFOd®¨PSVFEgfEŁFON¡s
¯FeNA[¡²VAnPSVVAFePcNX0D¢`aV[cVŁfefO[cD¢`aF.T8ŁVXﬃ[cZWPcNNFONNŁgayvFQPcNŁoaŁŁV XUŁN
O(N log(N))

³
N¢PSgŁg-VFEZFONVŁgayoﬀX-`aZ[0d8RfEVQsVAFkPSyr[cZŁVAaD´`aZ[¡£ﬀŁdaFONGPgFEµ¯PQX¶V[®daFEZŁ£rFUVAF
o&FONVN`&FOFOdaN[SVAFv`aZ[0fOFONN[cZeN[kPcNV[UD¢ŁgaŁD¢Ł·QF¢VAFvV[cVPSFEgFEZy<X)fO[cgNRaD¢`aVŁ[cg¶]AaŁF
DGFOFEVŁgayVAF]daFQPcd8ŁgF[SbFQPcfAGVPcN&±@BAF]F.TPcfEVfO[cD¢`aF.T0ŁV X¢[SVAaŁNPSyr[cZŁVAaD¸NRao8fERaoaŁf
Łg+VAF]g-RaD5obFEZB[SbVPcN0N$ŁN[Q¯FEZVAnPSg|VAFfO[cD¢`aF.T0ŁV XG[S­PSVAFWPSyr[cZŁVAaDGN¯N[c£ﬀŁgayVAF
N$PSDGFx`aZ[coaFEDs0g[Q]goﬀXUVAFePSRaVA[cZN¡
¹ºr»&¼½5¾
?¿~}<
KJFQPS@BŁDGF¯ÀﬀX8NVFEDGNQsrÀ0fAFOd8RaŁgays<lFQPcNŁoaŁŁVXrsr"X0gnPSD¢ŁfÁ[cVPSyrF¯À0fQPSŁgays
PSZŁFONVWxFQPcd8ŁgFel~ŁZNVQ
∗ ÂnÃÄJÅrÆOÇ.ÈWÉbÅ-ÊË8Ì¡ÍEÎ]Ï­ÐÑÐÓÒÔÕrÖ Ê7×Ø$ÐÓÙÓÔ.ÌSÎ.Ú$Û.ÛEÜ]ÅrÆOÇ.È-ÌSÝ¡ÞØ$ÈSßàÔ.áÂnâØÙÑÐãäÞå?ÈSÇ?á æØå$çØÐéè~ÔÈSêÉ¨ÐëÆOÇ.È-á ìíÞ
†
Å8î~ï­ÊÏÌ0ÂÈSêÔàâxÌð"ØñEÔÈQå?Ô]Õ?Ô]ÐÑØÝSÇÞòà×Õ?Ô]ÐÑØ"óØÆOÔ$ÌôÍEôQõÎeöØ$ÈSÕ?ÇOÔå?ñOÞÔ.ÌaÝ?ÞØÈSßÔ$á"ÂâØ$ÙÓÐãÃ~ÙÓßÇ$É
ÐéØêá ÃØñEÔà× è~ÐÓÇ$ÞÙÑØQá ìéÞ
Unite´ de recherche INRIA Lorraine
Technopoˆle de Nancy-Brabois, Campus scientifique,
615 rue de Jardin Botanique, BP 101, 54600 VILLERS L `ES NANCY (France)
Te´le´phone : 03 83 59 30 30 - International : +33 3 3 83 59 30 30
Te´le´copie : 03 83 27 83 19 - International : +33 3 83 27 83 19
Antenne de Metz, technopoˆle de Metz 2000, 4 rue Marconi, 55070 METZ
Te´le´phone : 03 87 20 35 00 - International: +33 3 87 20 35 00
Te´le´copie : 03 87 76 39 77 - International : +33 3 87 76 39 77
j  
	
ﬁﬀﬃﬂ "!$#ﬂ&%ﬃ'(")+*,
Ê9Ã~ï­ÊÏ
 	



5O]v 

 
	
 }   [cRN`aZMONFEgﬀV[cgN¯Rag+g[cRa£rFEbPSyr[cZŁVAaDGF"`&[cRaZVFONVFEZ¨PxPSŁNPSoaŁŁVMWd RagUFEg8
NFEDoaFpdaFpVﬁﬀcfAFONUg[cg8ZMOfERaZZFEg-VFONk[cZda[cgagnPSgfOMOFONﬃN[cRN|xlBﬃﬂ3FpVFONV+`aZ[c`&[<NM RagF
fO[cD¢`aF.T8ŁVM`aRNkPSŁoaF"!ﬀRFFVFONVfO[cgag-R \RN#!ﬀR$% `aZMONFEgﬀVQﬂ­P `aZFED¢ŁCEZF¶MEVPS`&FdaF
&ÓPSyr[cZŁVAaDGFpFONVdaFﬃfO[cgNVZRaŁZFﬃFﬃd8Ł¨PSy<ZPSD¢DGFkdaFk§xPcNNFUdaFU&ëFEgNFEDoaFkdaFONvVﬁﬀcfAFON¢[('
&ë[cZd8ZF`nPSZVŁFE±FONVJdaM.¥gaŁ­`nPSZ¨PGZFE¨PSVŁ[cgd ŁgfERNŁ[cg)NRaZFONVﬁﬀcfAFONQ)ﬂ*ÓPSyr[cZŁVAaDGFfO[cg8
NVZRaŁV+PS[cZN¢Fﬃ`aRNGfO[cRaZV+fAFED¢Łg¬d RagFﬃP(+O[cg yrMO[cDGMEVZŁ,!-RF`b[cRaZGfAnP(!-RFkgaŁ£rFQPSR¬d8R
d8Ł¨PSy<ZPSD¢DGF¢daFv§xPcNNF<xg®[cgfEVŁ[cgdaF5¨P+`&FEg-VFvD+P?T8ŁD+PSFdaFvfAnPcfERagdaFONx`aRN"fO[cRaZVN
fAFED¢ŁgNQsa&ëFEgNFED5oaFdaFVﬁﬀcfAFONWFONVBPSŁNPSoaFe[cRkg[cg3
ﬂ­P]fO[cD¢`aF.T8ŁVMdPSgN3F`aŁZFfQPcN­daME`bFEgdedaFfQPSZPcfEVMEZŁNVŁ,!-RFON~NVZRfEVRaZFEFON­daF&ëFEgNFEDoaF
daFONeVﬁﬀcfAFONfQPSZ5FEFGFONVx[cgfEVŁ[cg¶d8Rg[cDoaZF|daF¢VﬁﬀcfAFONkfAnPcfERag¶daFONgaŁ£rFQPSR8Td8Rd8Ł¨P?
y<ZPSD¢DGFkdaFﬃ§xPcNNF<"-JRFE!ﬀRF|N[cŁVv&ëFEgNFED5oaFkdaFUVﬁﬀcfAFONQs¤¨PfO[cD¢`aF.T8ŁVMkdPSgNFU`aŁZF
fQPcN"FONV`aRNJPSŁoaF	!ﬀRFfOFEF5daFON"PS`a`aZ[0fAFONxF.T8ŁNVPSg-VFONQW"F`aRNQsg[cRNW`aZMONFEgﬀV[cgN"RagF
PSgnPSX8NF`aZ[conPSoaŁŁNVF.!ﬀRnPSgd)FON"fQPSZPcfEVMEZŁNVŁ,!-RFONedaFONxVﬁﬀcfAFONeN[cgﬀVPSMQPSV[cŁZFON¡Y~[cRaZedaFON
PSZZŁ£rMOFON~Y~[cŁNN[cgaŁFEgagFONFEV±daFON~MOfAMQPSgfOFONF.T8`b[cgFEgﬀVŁFEFEDGFEg-Vd8ŁNVZŁoaRMOFONQsSg[cRN±DG[cg-VZ[cgN
!ﬀRFJ¨PfO[cD¢`aF.T8ŁVMPcNXﬀD¢`aV[cVŁ,!ﬀRF"`b[cRaZBdaMOfEŁdaFEZdaFJ¨PPSŁNPSoaŁŁVMxFONV
O(N log(N))
[('
N
FONV]Fxg[cDoaZFdaFeVﬁﬀcfAFONQ
/WgFŁD¢`aŁfQPSVŁ[cg¢Łg-VMEZFONN$PSg-VF]daF¯fOFEVPSyr[cZŁVAaDGF]FONV0!ﬀR$ Ł-[cRaZgaŁVRagF¤g[cRa£rFEFP(+O[cg
daFJfQPSfERaFEZFONDGFEŁFERaZFONB£0ŁVFONNFON¤d8R|`aZ[ﬀfOFONNFERaZ`&[cRaZ¤D¢ŁgaŁD¢ŁNFEZ¨PfO[cgN[cD¢D+PSVŁ[cgﬃV[S
VPSFBdëMEgFEZy<ŁF]V[cRaVFEgvZFON`&FOfEVPSg-V¤FONMOfAMQPSgfOFONQ0ﬂ­PxfO[cD¢`aF.T8ŁVMF.TPcfEVF¯daFB&ÓPSyr[cZŁVAaDGF<s
Łg8MEZŁFERaZF1
O(N3)
sFONV]`aRN]PSŁoaF	!ﬀRFx¨P¢fO[cD¢`aF.T8ŁVM5daFONWPSyr[cZŁVAaDGFONxfO[cgagﬀRNW`nPSZFON
PSRaVFERaZNW`b[cRaZ]ZMON[cRd8ZFFD32EDGF`aZ[coaCEDGF<
4 ¾
Q}
¼
65


ÀﬀX0NVCEDGFON@­FED¢`NKWMOFEs_JZda[cgagnPSgfOFEDGFEg-VQs
³
dPS`aVPSVŁ[cg "X0gnPSD¢Ł,!-RF+d8R
Á[cVPSyrF<sn¤PSZŁFONVJxFQPcd8ŁgFel~ŁZNVQ
u  
	
  








kº
	  9¾	®¾  º  ¾ { 5 º  @3[eŁD¢`b[cZVPSgﬀV`aZ[coaFEDGNZFE¨PSVFOd¢V[xVAF]NfAFOd8RaŁgay[S
PvNFEVW[S~ŁgdaFE`&FEgdaFEg-V\[coN]RagdaFEZWxl PSZFPcdad8ZFONNFOdkŁgVAaŁNWNVRd8XH¡BVAFxFQPcNŁoaŁŁVX
PSgnPSX8NŁNWPSgdjrVAFD¢ŁgaŁD¢Ł·¡PSVŁ[cg[SVAFeFEgFEZy<XkfO[cgNRaD¢`aVŁ[cg3
T0ŁNVŁgay N[cRaVŁ[cgNUAnPO£rF)NA[¡]g¬VAnPSV|VAFONFp`aZ[coaFEDGNﬃPSZF)fE[<NFEX fO[cZZFE¨PSVFOd"VAF
[c`aVŁD+PS"FEgFEZy<X D¢ŁgaŁD¢Ł·¡PSVŁ[cg PSyr[cZŁVAaD Z[cDPc[¶FEV|PSﬁﬀﬃﬂ JFEDo&FOdaN|VAFﬃFQPcNŁoaŁŁVX
PSgnPSX8NŁNZ[cD Àﬀ`aRaZŁ!ﬀÓi"JPSVA[cRay<A o&[cVA ZFONRaVN¢AnPQ£rFkobFOFEg daFE£rFE[c`&FOd ŁgdaFE`&FEgdaFEg-VXr
@BAaŁN]fAnPSZPcfEVFEZŁNVŁfVAnPSV]VAFxN[cRaVŁ[cgN][S~VAFJV [¢`aZ[coaFEDGNJPSZFJVŁy<AﬀVX|ŁgarFOdﬃZFED+PSŁgN
VZRFe]ŁVAVAFxgFE PSyr[cZŁVAaDGN"daFE£rFE[c`bFOdkŁgkVAaŁNJNVRd8Xr
#%$& }O '	&(
½5¾  )
 ^g*ﬀÓi"sJPSg²PSyr[cZŁVAaD«[cZﬃVFONVŁgay VAFpFQPcNŁoaŁŁV X¬[SPNFEVﬃ[S\[coN
NfAFOd8RaFOd¬RagdaFEZUxl ŁN+`aZFONFEgﬀVFOd"ŁV|]ŁJobFfQPSFOd©VAFÀﬀ`aRaZŁ&ëNUPSyr[cZŁVAaD«Łg¬VAF
[c[Q]Łgay)NŁgfOF¢ŁV5ZFEŁFON[cg Pk@BAFO[cZFED NVPSVFOdoﬀX Àﬀ`aRaZŁJ@BAFO[cZFED+8Óiﬃ`a`,+-+ﬃŁg.ﬀÓi"9.
@BAFWfO[cD¢`aF.T0ŁV XG[S&VAaŁN¯PSyr[cZŁVAaDŁN
O(N2)
]AFEZF
N
ŁNVAFfQPSZd8ŁgnPS&[SbVAFJNFEV[S8\[coN¡
@BAF|NVRd8X`aRaoaŁNAFOd¶Łg/ﬀﬃﬂ"¯`aZ[¡£ﬀŁdaFON¡s~[cZ5ŁgdaFE`bFEgdaFEgﬀVVPcN0N5]ŁVAdaFQPcd8ŁgFON¡sVAF
¤"l NfAFOd8RaFkVAnPSVGD¢ŁgaŁD¢Ł·QFON|FEgFEZy<XRN$PSyrFﬃ]AaŁFFEgNRaZŁgayVAnPSV+daFQPcd8ŁgFONUPSZFﬃg[cV
D¢ŁNNFOd ﬃ@BAaŁN5PSyr[cZŁVAaDsVFEZDGFOdVAFPc[ ëNPSyr[cZŁVAaDs~ZRagN5Łg
O(N3)
Łg¶VAF+[cZNV
fQPcNFJ7[cZ±DG[cZF¯daFEVPSŁN[cg5VAF¯fO[cD¢`aF.T8ŁVX5PSgnPSX8NŁNQsS`aFQPcNF¯ZF.FEZ­V[JVAFFEgd[S&À0FOfEVŁ[cg¢jr.
@BAFPc[ ëNePSyr[cZŁVAaDPSN[U`aZ[¡£ﬀŁdaFONPGFQPcNŁoaŁŁVX)VFONVxRagdaFEZxl¬NŁgfOF<s&ŁgﬀVRaŁVŁ£rFEXrs3Ł
[cZ"DGFOFEVŁgaydaFQPcd8ŁgFONxVAF10¯Yﬃ/ N`&FOFOdpgFOFOdaNxV[Uo&Fy<ZFQPSVFEZVAnPSg®ŁVN"D+P?T8ŁDRaD N`&FOFOd
VAFEgpVAFNFEVW[Sn\[coN]ŁN]g[cVFQPcNŁoaF<
KWFOfOFEg-VXrsPgFE PS`a`aZ[rPcfAﬃ[cZ¯N[c£0Łgayob[cVAU`aZ[coaFEDGNBRagdaFEZBVAFWŁy<AﬀV[S±PNA[cZVFONV
`nPSVA)`aZ[coaFED AnPcNWo&FOFEg)`aZ[c`b[<NFOdŁg2ﬀﬃ+"~oaRaV"ŁVJŁNJZFONVZŁfEVFOdV[+VPcN0NJ]ŁVA)l^àl±_
ZFQPS
VŁDGFfO[cgNVZPSŁgﬀVNv
ai ≤ aj → di ≤ dj .l[cZ"NRfA)VPcN8NQsaFQPcNŁoaŁŁV XVFONVŁgaykPSgdpFEgFEZy<X
D¢ŁgaŁD¢Ł·¡PSVŁ[cg)fQPSgo&FN[c£rFOdkŁg
O(N log(N))

3
¾4	
Q

{03
9¾4	¾

º5

º
6
@BAaŁN­¯[cZeŁN±VAFfO[cgﬀVŁg-RnPSVŁ[cg+[S&ﬀﬃ+"8]AFEZF¤VAF¯N`&FOfEŁ¨PS
fQPcNFG[Sl~^àl±_µfO[cgNVZPSŁg-VNAnPcNeo&FOFEg¶VZFQPSVFOd ﬃ§"FEZF<s~PkN[cRaVŁ[cg¶V[VAFGyrFEgFEZPS¯fQPcNFGŁN
`aZ[¡£ﬀŁdaFOd s87+ $VAFUl~^àl±_¦PcNNRaD¢`aVŁ[cgŁNZFEDG[¡£rFOd 

[cVF|VAnPSVVAF|fO[cD¢`aF.T8ŁVX[SVAF
PSyr[cZŁVAaDGNdaFE`&FEgdaN±[cgNVZRfEVRaZPS8`aZ[c`bFEZVŁFON~[SVAF¤NFEV±[S<\[coNQ­@BAFF.TaPcfEVfO[cD¢`aF.T0ŁVŁFON
[SJVAFPSyr[cZŁVAaDGNG[cg Pp`nPSZVŁfERa¨PSZGNFEVv[S¤\[coNvŁN`aZ[Q£0ŁdaFOd PSgd s]AnPSVFE£rFEZ¢VAFﬃNFEV¢[S
\[coNQsnŁVWŁNJobFEVVFEZJVAnPSgVAFfO[cD¢`aF.T0ŁVŁFONx[SF.T8ŁNVŁgayﬃPS`a`aZ[rPcfAFONGNRao8 !ﬀRnPcd8ZPSVŁfŁgVAF
gﬀRaDo&FEZ[S&VPcN8N[cZFQPcNŁoaŁŁV XGPSgdGNRao8fERaoaŁf][cZFEgFEZy<XvD¢ŁgaŁD¢Ł·¡PSVŁ[cg.laRaZVAFEZDG[cZF<s
¯Fv`aZ[Q£0ŁdaFGP|`aZ[conPSoaŁŁNVŁf+PSgnPSX8NŁN[SVAF¢fO[cD¢`aF.T8ŁVŁFON]AFEgVAFVPcN8NePSZF5ZPSgda[cD

FkNA[Q VAnPSV¢VAFPO£rFEZPSyrFpfO[cD¢`aF.T0ŁV XŁN|PS¯POX8NGND+PSFEZ¢VAnPSV
O(N
√
N)
 §J[¡FE£rFEZ
VAaŁNBo&[cRagdﬃŁNBg[cV]VŁy<A-VWobFOfQPSRNF"ŁVda[0FONBg[cV]VPSrFxŁg-V[GPcfOfO[cRagﬀVVAF"PcfEV]VAnPSVdaFQPcd8ŁgFON
Ê9Ã~ï­ÊÏ
 	  
 7 7  7  
 i
AnPQ£rF]V[xo&F¨PSZyrFEZ¤VAnPSg+PSZZŁ£cPSaVŁDGFONQ^ g¢VAF]fQPcNFB[S&Y~[cŁNN[cg+PSZZŁ£<PSN¤PSgdGF.T8`&[cgFEg-VŁ¨PSX
d8ŁNVZŁoaRaVFOd¨PSVFEgfEŁFONQsc¯FBNA[QVAnPSV±VAF¯PcNX0D¢`aV[cVŁf¯fO[cD¢`aF.T8ŁVXe[cZPcNNFONNŁgayWFQPcNŁoaŁŁVX
ŁN
O(N log(N))

4 ¾ ¿ º 5 ¾  º } » }O º  ´ FfO[cgNŁdaFEZpP NŁgay<F 0¯Y*/ daFOd8ŁfQPSVFOd V[VAF®F.TaFOfERaVŁ[cg
[S]PkP|¥gaŁVF¢NFEVe[S¯N[cDGFvg[cg8ZFOfERaZZFEg-VŁgdaFE`bFEgdaFEgﬀVeVPcN8NG[cZ\[coNàJ]ŁVAZFQPSVŁDGF
fO[cgNVZPSŁg-VNQ@BAF10¯Y*/
`aZ[0fOFONNŁgayﬃN`&FOFOd
u
fQPSg)£cPSZX[Q£rFEZeP+fO[cgﬀVŁg-R[cRNZPSgayrF5Z[cD
0
V[
1
9VAF+D+P?T8ŁD+PS]N`bFOFOd[SWVAF|`aZ[ﬀfOFONN[cZ5V[¥aTaFOd¶V[HU]ŁVA g[)[<NN[SWyrFEgFEZPSŁV X4
VAaŁN|fQPSg©o&FPcfAaŁFE£rFOd¬o-X©P®ZF.NfQPSŁgay [SVAFpNŁ·QFp[SxVAF¢\[coN$.ª@BAFpNFEV+[SVPcN0NGŁN
T = {τ1, . . . , τN} PSgdªFQPcfA VPcN τi ŁNUfAnPSZPcfEVFEZŁ·QFOd oﬀXªPVZŁ`aFEV (ai, si, di) ]AFEZF
VAF !ﬀRnPSg-VŁVŁFON
ai, si, di
ZFON`bFOfEVŁ£rFEXkdaFEg[cVFVAFePSZZŁ£<PS3VŁDGF<s8VAFeNŁ·QFG9VŁDGFxgFOFOdaFOdpV[
F.TaFOfERaVFVAFxVPcNkPSVVAFxD+P?T8ŁDRaD¸N`bFOFOdnPSgdﬃVAFedaFQPcd8ŁgF[SVPcN
τi

¢ (  	 8 7¾4	¸¾  º*  º 6 @BAFPc[ ëNpPSyr[cZŁVAaD [cZFEgFEZy<X¬D¢ŁgaŁD¢Ł·¡PSVŁ[cg ŁN
ZFED¢ŁgdaFOdpŁg)À0FOfEVŁ[cg)j8BÀ0FOfEVŁ[cg+vŁNWdaFE£r[cVFOdV[G[cRaZ`aZ[c`&[<NPS­[SFQPcNŁoaŁŁVXﬃVFONVWRagdaFEZ
VAFUxl²`&[cŁfEXr)@BAF|fO[cZZFOfEVgFONN¢[SVAFﬃPSyr[cZŁVAaD´ŁN5`aZ[Q£rFOd PSgdŁVN5fO[cD¢`aF.T8ŁVX ŁN
PcNNFONNFOd5ob[cVAvdaFEVFEZD¢ŁgaŁNVŁfQPSXGPSgd`aZ[conPSoaŁŁNVŁfQPSXrl~ŁgnPSXrs<Łg¢NFOfEVŁ[cgvusrPSg¢[cZŁy<ŁgnPS
PSyr[cZŁVAaD«V[ VAFp`aZ[coaFED«[SD¢ŁgaŁD¢Ł·OŁgay VAF)FEgFEZy<X©fO[cgNRaD¢`aVŁ[cg RagdaFEZ|ZFQPSVŁDGF
fO[cgNVZPSŁg-VNŁN`aZ[c`b[<NFOd 

ﬁﬀeab
ﬃﬂ
b

b
^ gvVAaŁNÀ0FOfEVŁ[cg3sﬀFF.T8`a¨PSŁg¢VAF Pc[ ëN¤PSyr[cZŁVAaD [cZFEgFEZy<XvD¢ŁgaŁD¢Ł·¡PSVŁ[cg3

FfA[<NF]V[
`aZFONFEg-V"VAaŁNJfO[cgNVZRfEVŁ[cg)]ŁVA9Ra~daFEVPSŁNJN[+VAnPSVWVAF5d8Ł &FEZFEgfOFON"]ŁVA[cRaZPS`a`aZ[rPcfA
fQPSgo&FFQPcNŁXAaŁy<AaŁy<A-VFOdGPSgd¢PSN["NŁgfOFNFE£rFEZPS8fO[cgfOFE`aVNPSgd5g[cVPSVŁ[cgN`aZFONFEgﬀVFOdAFEZF
]Ło&FRNFOd)Łg®NRaoNF !-RFEgﬀVÀ0FOfEVŁ[cgNQ

[cVFVAnPSV"VAF+Àﬀ`aRaZŁ&ëNePSyr[cZŁVAaD [cZ"FQPcNŁoaŁŁVX
ŁNVAF"¥ZNVŁVFEZPSVŁ[cgp[SVAF[0[c`[S~VAFPSyr[cZŁVAaD¦Łgk`nPSZPSy<ZPS`aA)j8Ój8
@BAF¢N`bFOFOd[S¯VAF 0¯Y*/µPSVVŁDGF
t
ŁNdaFEg[cVFOd
v(t)


FvZFOfQPSVAF¢fO[cgNVZRfEVŁ[cg [S
VAF[c`aVŁD+PS­RagfEVŁ[cg
v !#"$ (t)
y<Ł£rFEgpo-X Pc[|FEVJPS¯Łg ﬀﬃﬂ"¯@BAaŁNJfO[cgNVZRfEVŁ[cg)D¢ŁgaŁD¢Ł·QFON
FEgFEZy<X®fO[cgNRaD¢`aVŁ[cg ]AaŁF¢FEgNRaZŁgayVAnPSVeg[kdaFQPcd8ŁgF¢]Ło&FvD¢ŁNNFOd &%]PcNŁfQPSXrs­VAF
PSyr[cZŁVAaD [cZ8N5o-XŁdaFEg-VŁX0ŁgaypVAFGVŁDGF|Łg-VFEZ£<PSs~VFEZDGFOd¶VAF|fEZŁVŁfQPS¤ŁgﬀVFEZ£cPSs[¡£rFEZ
]AaŁfAVAFvAaŁy<AFONV`aZ[0fOFONNŁgaykN`&FOFOdŁNxZF !ﬀRaŁZFOd @BAF5[¡FONVPcd8D¢ŁNNŁoaFZF !-RFEgfEXŁN
fO[cD¢`aRaVFOdk[cZ]VAaŁN]ŁgﬀVFEZ£cPSsVAFxVPcN0NobFE[cgay<Łgay¢V[¢VAaŁNBŁgﬀVFEZ£cPSB9ŁëF<PSZZŁ£cPS±dPSVFePSgd
daFQPcd8ŁgF¯ŁgNŁdaFVAFŁg-VFEZ£<PS7±PSZFVAFEgZFEDG[Q£rFOd9VAaŁNNVFE`ŁN­VFEZDGFOd'VŁDGF¯fO[cD¢`aZFONNŁ[cg(
ŁgkVAF[c[¡]ŁgayﬀPSgdpPvNRao8`aZ[coaFED¦ŁNfO[cgNVZRfEVFOdk]ŁVApVAFZFED+PSŁgaŁgay+VPcN8NQ
ï±ï È*)OôQõð$ô
  
	
 	
	

§"FEZFG¯F|F.T8`a¨PSŁgA[QV[pNRa`a`aZFONN5VAF|Łg-VFEZ£<PS
[a, d]
Z[cD VAF+VŁDGF.ŁgFkPSgdA[QµV[
DG[0d8ŁX|VAFeNFEV[S~VPcN8NWPcfOfO[cZd8Łgay<Xr¯^V]AnPcNWobFOFEgfA[<NFEgV[+daFEg[cVFVAFo&[cRagdaNW[SVAF
ŁgﬀVFEZ£cPSoﬀX
a
PSgd
d
NŁgfOF<sŁg)VAF5[c[¡]Łgays
a
PSgd
d
]Ł~gFOfOFONNPSZŁXpobFvPSZZŁ£cPSdPSVFON
PSgdpdaFQPcd8ŁgFdPSVFONZFON`bFOfEVŁ£rFEXr@BAFg[cVPSVŁ[cg
τi ⊆ [a, d] DGFQPSgNWVAnPSVVPcN τi o&FE[cgayrN
V[
[a, d]

ai ≥ a, di ≤ d .  AFEgNRa`a`aZFONNŁgay [a, d] sVAF+VPcNNFEV5ŁNDG[0d8Ł¥nFOd¶Łg VAF
[c[Q]Łgay+D+PSgagFEZ
• Ł τi ⊆ [a, d] VAFEg τi ŁN]ZFEDG[¡£rFOd s
• [cZWPS3ZFED+PSŁgaŁgay|VPcN8NQs si ŁN]RagfAnPSgayrFOd)PSgd
ﬀ
Ł
ai ∈ [a, d] VAFEg ai := a s
ﬀ
FENFxŁ
ai ≥ d VAFEg ai := ai − (d− a) s
ﬀ
Ł
di ∈ [a, d] VAFEg di := a s
ﬀ
FENFxŁ
di ≥ d VAFEg di := di − (d− a) 
@BAFeVŁDGF.fO[cD¢`aZFONNŁ[cgp`aZ[0fOFOd8RaZFŁN]ŁRNVZPSVFOdkŁgpl~Ły<RaZFGH<
di
ai di di+1ai+1
ai+3
di+3ai ai+4 di+4
a d
ai+3
di+3
ai+2
t
t
di+2di+1ai+1
ai+4 di+4
l~Ły<RaZFH-TaPSD¢`aFﬃ[S]VŁDGF|fO[cD¢`aZFONNŁ[cg3

AFEgNRa`a`aZFONNŁgaypVAF+Łg-VFEZ£<PS
[a, b]
s~VAF
VPcN
τi+2
ŁN]ZFEDG[Q£rFOd9Z[cD VAFNFEV[S~VPcN0NQ

ﬁ ﬂﬃ !"#ﬃ%$&'(*)+	
@BAF8Pc[ ëN]PSyr[cZŁVAaDfQPSgUobFJdaFONfEZŁo&FOdGŁgkPefO[cg-£rFEgaŁFEgﬀVB¯POX|RNŁgayVAF[c[¡]Łgay-,EfO[cDv
`&[<NŁVŁ[cg,[S~RagfEVŁ[cgNQﬃﬂ3FEV
f
PSgd
g
o&FxZFQPS3RagfEVŁ[cgN]ŁVAPS`a`aZ[c`aZŁ¨PSVFda[cD+PSŁgNJPSgd
FEV
[a, d]
o&FePVŁDGFŁg-VFEZ£<PSsVAFEg9RagfEVŁ[cg
g ∧[a,d] f
ŁNWdaF.¥gFOdPcNB[c[QN
Ê9Ã~ï­ÊÏ
 	  
 7 7  7  
 q
• Ł t < a s8VAFEg g ∧[a,d] f(t) = g(t)
s
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